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2H 2
The Identity of Proofs and the Criterion for

Admissible Reductions

Seungrak Choi
Department of Philosophy, Korea University

Abstract

Dag Prawitz (1971) put forward the idea that an admissible reduction process does not
affect the identity of proofs represented by derivations in natural deduction. The idea relies
on his conjecture that two derivations represent the same proof if and only if they are
equivalent in the sense that they are reflexive, transitive and symmetric closure of the
immediate reducibility relation.

Schroeder-Heister and Tranchini (2017) accept Prawitz’s conjecture and propose the
triviality test as the criterion for admissible reductions. In the present paper, we will consider
two main troubles of the triviality test. The first is the obscurity of a method of evaluating
admissible reductions. The second is the circularity problem that the triviality test already
assumes the set of admissible reduction procedures. For the solution of the problems, we will
propose the spoiler test which immunes the problems of the triviality test and has the role of
the criterion for admissible reductions. At last, we shall cover the plausible problem of the
spoiler test that can be caused by Crabbé’s case.

Keywords: The identity of proofs, admissible reductions, Ekman’s paradox, Church-Rosser’s

confluence property, Crabbé’s case.
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1. Introduction

Many mathematical theorems have more than one proof. For example, Euclid’s theorem
which asserts that there are infinitely many prime numbers has at least three versions, such as
Euclid’s, Euler’s, and Erdos’s proof. Similarly, there is more than one formalization of the
same proof in proof theory. Proof-theorists have investigated which derivation is a canonical
representation of the proofs represented in the system considered as the way that the
numerals are canonical notations for natural numbers.

Dag Prawitz (1971, Sec. 1.3.5.6) has proposed the idea that normal derivations serve the
special role of canonical representations. Normal derivations can be obtained by certain
reduction procedures. Any derivations which can be a normal derivation with the finite steps
of reductions are called normalizable derivations. A normalizable derivation shares the
special role of a canonical representation of its normal derivation. Prawitz explained in terms
of the equivalence class that normal and normalizable derivations represent the same proofs.
He considered the equivalence relation between derivations that is reflexive, transitive and
symmetric closure of the immediate reducibility relation between derivations. Then, he
conjectured that two derivations represent the same proof if and only if they are equivalent.
He thought that the right-to-left direction is relatively unproblematic and so claimed that an
admissible reduction does not affect the identity of a proof represented. Hence, an admissible
reduction preserves the identity between proofs. In this perspective, the admissible reductions
can serve as the criterion for the identity of proofs.

On the other hand, assuming that we intuitively recognize which formal derivations
represent the same informal proof, Schroeder-Heister and Tranchini (2017) accept Prawitz’s
conjecture and suggest the criterion for admissible reduction procedures. The idea is to
evaluate whether, after a new reduction is added in a set of reductions for an intended system,
it can be shown that two derivations of the same conclusion previously belonging to two
distinct equivalence classes still belong to the distinct equivalence classes. If it can, they say
that the new reduction does not trivialize the identity of proofs; otherwise, it trivializes the
identity of proofs. A newly added reduction procedure is admissible if it does not trivialize
the identity of proofs; otherwise, it is inadmissible. We call their evaluation method for

admissible reductions, the triviality test.
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The present paper aims to point out the problems of the triviality test and to propose an
improved approach. In Section 2, we shall introduce Ekman’s paradox and the triviality test.
We will see how the triviality test blocks Ekman’s reduction. Section 3 put forward two main
problems of the triviality test: the obscurity of a test method and the circularity problem. With
the solutions to the problems, we will introduce the spoiler test as the refined criterion for
admissible reduction procedures in Section 4. The spoiler test can restrict the application of
the Ekman reduction process.

Schroeder-Heister and Tranchini (2018) have considered their triviality test has a defect
that it cannot solve the problem of Tennant’s proof-theoretic criterion for paradoxicality
occurred by Crabbé’s case. Since every reduction process of Crabbé’s case passes the spoiler
test, the spoiler test may be seen as having the same defect. Section 5 argues that not every
problem with Tennant’s criterion is raised by inadmissible reductions. When we distinguish
between the problems of Tennant’s criterion and of inadmissible reductions, the spoiler test
need not solve every problem of Tennant’s criterion but it only has the role of evaluating

admissible reductions.

2. Ekman'’s paradox and the triviality test

Neil Tennant (1982) has proposed a proof-theoretic criterion for paradoxicality that a
genuine paradox is a derivation of an unacceptable conclusion which employs a certain form
of id est inferences and generates an infinite reduction sequence. Schroeder-Heister and
Tranchini (2017) have suggested the triviality test to solve the problem of Tennant’s
criterion. They have considered Ekman’s paradox taken from Jan Ekman (1998) to show that
Tennant’s criterion overgenerates in the sense that there exists a derivation which is
intuitively non-paradoxical but satisfies the criterion. To solve the problem of overgeneration,
Tennant (2016, 2017) has refined his criterion and suggested an additional condition that all
elimination rules stated in generalized form. Unfortunately, Schroeder-Heister and Tranchini
(2018) argue that Tennant’s refined version of the criterion over-generates again by showing
that there is a generalized version of Ekman’s paradox satisfying the refined criterion.

Schroeder-Heister and Tranchini (2017) diagnose that Ekman’s paradox applies too loose

reduction procedure, called the Ekman reduction. Since they focus on the issue of which
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reduction process is an admissible one, they suggest the triviality test as the criterion for the
admissibility of reduction procedures in order to restrict inadmissible reductions.

In this section, we set aside the issue of Tennant’s criterion for paradoxicality and center on
the triviality test. After we have preliminary notions and rules in Section 2.1, we shall see the

triviality test and how it blocks the Ekman reduction process in Section 2.2.

2.1 Preliminaries: some terminologies and natural deduction rules

To begin with, we will introduce some terminologies and natural deduction rules. Our
language has constants and quantifiers, A\, —, L, and — for conjunction, implication,
absurdity, and negation respectively. We use ¢, ¥, and ¢ for arbitrary formula. Let D be a
derivation of a given natural deduction system, used in the same manner as ‘deduction’ in
Prawitz (1965). Also, we use the following conventions: if a derivation D ends with a
formula , we write as shown on the left below and ¢ is called an ‘end-formula.” If it

depends on a formula ¥, we write as shown on the right below.

v
D D
P -

Then, we have rules for A and — in the natural deduction style proposed by Prawitz (1965).

[p]!
Dl DQ Dl DQ
A 114 1/
RN eI MAE(HQ) I, Lind SENNN"
P1 N\ Py o8 ’ hnd'4 v

—p is defined by ¢ — 1. We call the formulas directly above the line in each rule,
‘premise,” and the formula directly below the line, ‘conclusion.” Assumptions which can be
discharged are in the square brackets, e.g. [¢]. When the same formula ¢ is introduced as
assumptions with different superindexes, they are different types and not discharged
simultaneously by a single rule. For instance, the following derivations have the same

formula ¢ as their assumptions, yet their assumptions are discharged at different places.
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1

[p]! (o]

AT
[p]! [p]! eAp
-V - A7 I,
PAp o= (pAp)
— 1 — 1
o= (pAp) o= (p—(pAp))

The open assumptions of a derivation are the assumptions on which the end-formula
depends. A derivation is called closed if it contains no open assumptions, otherwise it is
called open.A major premise of the elimination rule for a constant is the premise containing
the constant in the elimination rule and all other premises are minor premises. The maximum
formula is the conclusion of an introduction rule at the same time the major premise of an
elimination rule.

We accept the standard reduction procedures of Prawitz (1965, pp. 36-38). Let us consider
any two derivations D, and D, having the same end-formula. We say that a derivation D’ is
an immediate subderivation of D, if D is an initial part of D, ending with a premise of the
last inference step in D,. Let D, D, mean that D, reduces to D, by applying a single
reduction step to an immediate subderivation D" of D, . For our convenience’s sake, we will

introduce standard reduction procedures for A and —.

1. The standard reduction procedure for A.

Dy D,
1 P2 ;
DNPEA
1A\ Py
— 2 NEG=1,9) D;
Pi > . ©;

2. The standard reduction procedure for —

(o]
D, D,
v I, D, 0
s A D,
7 I N
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The main role of these standard reduction procedures is to eliminate the maximum formula.

When a derivation has no maximum formula, we say that it is in normal form. Let R be a set of

P17 P P P
reduction procedures. A reduction procedure D D’ in R is closure under
v

v
D, D, D, D

n

. ... DD, . .
substitution iff, for any derivation ' ', a reduction procedure Proeo P o ) P s
@1 Teeed 90 n D D
v b v
in R as well. Every reduction procedure in R is to be closed under substitution of derivations
for open assumptions, and the notions of ‘normal’ and ‘normalizable’ are defined in the

following ways!)

Definition 1. A sequence < D, ..., D;, D, ,...> of derivations is a reduction sequence
relative to Riff D,[> D, ; relative to R where 1 < i for any natural number 4. A derivation
D, is reducible to D,(D, > D;) relative to IR iff there is a sequence < D;, D,,..., D, >
relative to R where for each j <, D;[> D, 1; D, is irreducible relative to R iff there is no

derivation D’ to which D, [> D’ relative to R except D, itself.

Definition 2. A derivation D is normal (or in normal form) relative to Riff D is irreducible
relative to R, i.e. D has no maximum formula. A reduction sequence ferminates iff it has a fi
nite number of derivations and its last derivation is in normal form. A derivation D is
normalizable relative to R iff there is a terminating reduction sequence relative to IR starting
from D.

In the next section, we shall introduce Schroeder-Heister and Tranchini’s triviality test.

2.2. The triviality test and the Ekman reduction procedure

Schroeder-Heister and Tranchini (2017) have suggested the triviality test in order to

restrict inadmissible reductions. Their target was the following form of reduction procedure

1) In Definition 1, for any term z and y, let < y mean that z is less than or equal to y. For Definition 2, for our
convenience’s sake, we drop the ‘relative to R’ in the suggested notions if there is no misunderstanding.
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introduced by Ekman (1998):

[p—w] o
[ — o] LA D
@ by ®

We call > , the Ekman reduction process. Ekman (1998) considered ¥ in the last — £'—
rule to be a similar kind of maximum formula. We call ¥ in the last — £'—rule an Ekman
maximum formula.

The triviality test is based on the thesis of Prawitz (1971, p. 257) that an admissible
reduction should not affect the identity of proofs represented by derivations in the same
equivalence class. He conjectures that two derivations represent the same proof if and only if
they are equivalent. Prawitz’s equivalence relation ~ is defined via the reducibility relation

> . We borrow the notion of the equivalence relation between derivations from Prawitz

(1971, p. 255). Let R be any set of reduction procedures.2)

Definition 3. A derivation D, is equivalent to D,(D, ~ D,) relative to Riff D, > D, or
D; > D, where 1 < for any natural number i; otherwise, they are not equivalent
(D, = D;). Let S be any natural deduction system. The equivalence class of D, under ~ in

S, denoted by [D, ], is defined as [D,]= D, S | D, ~ D;.

1
Then, the relation ~ is clearly reflexive, symmetric, and transitive. Let D be an informal
proof represented by a formal derivation D in natural deduction. Prawitz’s thesis and

conjecture are summarized as below.

Prawitz’s thesis: An admissible reduction procedure does not affect the identity of proofs

represented by derivations in the same equivalence class.

2) Although Prawitz (1971) considers a set of standard reduction procedures for rules of first-order intuitionistic and
classical logic, since we focus on the test of an admissible reduction procedure in general, we consider arbitrary
set of reduction procedures.
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The Conjecture for the Identity of Proofs(CIP): for any derivation D, and D,, ]51 = ZA?Q if
and only if D; ~ D,.

While Schroeder-Heister and Tranchini (2017) take Prawitz’s thesis and CIP, they suggest
the triviality test for evaluating whether a newly added reduction makes derivations
representing different proofs belong to the same equivalence class. Let R be a set of reduction
procedures. A set R is an extension of R if R results from IR by adding reduction procedures
which are closed under substitution in R'. Let [> be a reduction procedure not in a set R of
reductions and [R be an extension of R by adding [> . We use an abbreviation ‘S(R)’ for a
natural deduction system S relative to R. Let us consider the case that, for any three
derivations IT,, II,, and II,, I1, is reducible to IT, but not to I7, in S(IR) whereas IT, is
reducible to both 7, and 75 in S(R). Suppose that I y I 5. Then, IT, = II; by CIP.
However, in S(R), IT, ~ IT, and IT, ~ IT,, and so IT, ~ IT, in S(R'). While IT, = IT ,, it
should be possible to show that 7, is not equivalent to 7. Since it is possible to show that
1, ~ II in S(R) but not in S(R'), we may say that an additional reduction [> affects the
identity of proofs. Following Prawitz’s thesis, we may conclude that [> is not an admissible
reduction procedure. From this perspective, Schroeder-Heister and Tranchini (2017, p. 575)
propose the triviality test for an admissible reduction process that a newly added reduction

procedure should not trivialize the identity of proofs.

A natural requirement of the addition of a new reduction could be that of not trivial-izing
identity of proof, in the sense that it should always be possible to exhibit two derivations of

the same conclusion belonging to two distinct equivalence classes.

We say that, for any derivations D, and D, where 151 # 152 and so D, = D, in S(R), a
reduction process [> trivializes the identity of proofs in S iff it is not possible to show in S(R')

that D, = D,; otherwise, [> does not trivialize the identity of proofs in S.3) Then, their

3) Another interpretation of the notion trivializing the identity of proofs may be that a newly added reduction trivi-
alizes the identity of proofs iff it is possible to show in S( ') that every provable derivation of the same con-

clusion is equivalent. This interpretation is stronger than the one we have proposed, making the triviality test
more difficult to apply. Since Schroeder-Heister and Tranchini (2017, p. 575) explicitly state the meaning of ‘not
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triviality test can be summarized as below:

Triviality Test: Let S be any natural deduction system. Let be a new reduction procedure
not in IR and IR be an extension of R by adding [> . [> is an admissible reduction procedure
for S'iff [> does not trivialize the identity of proofs in S.

Schroeder-Heister and Tranchini (2017, pp. 575-577) evaluate whether the Ekman
reduction [> , is admissible in accordance with the triviality test. Let S, be a natural
deduction system containing A— and ——rules. .S has a set Ry of standard reductions for A
and —. R is an extension of Ry by adding the Ekman reduction > .. If the Ekman reduction
D 5 does not trivialize the identity of proofs, [> , is an admissible reduction. They provide
an example showing that it is not. First, they consider two derivations D, and D, of the same
formula which represent different proofs, i.e. ]:\71 # 152. D, = D,, and so are not equivalent,
i.e. Then, they argue that whence [> , is added in [R'7, it is not possible to show that D, = D,
in S (R7).

For any two derivations D, and D, of ¢ in S, Schroeder-Heister and Tranchini give a

derivation T, of ¢ A ¢ as below:

lornel® | D, D,
1
AP L, ere)—e AP N
p—(oNp) % N E
ZAL A
so

S (Rr) has a reduced derivation I, from II, by applying [>_, and [> , with regard to

A F, —rule.

trivializing identity of proofs,” we will use the proposed stipulation in this paper.
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D, D,

PP AT
Lhe g,

¥

On the other hand, S, (R'7) has not only I7, but also the following I7, through the

application of > .

D1D2

N N

Lhe g,
©

A proof represented by derivations in [I7, ] should represent the same proof. Then, by the
application of [> , with regard to A £, —rule, we have IT’, from I, on the left below and

II', from II, on the right below in .S (R7) as follows:

D, D,
¥ ¥

By Definition 3, I1, ~ II', and I, ~ II',. Hence, II’, ~ II',. This means that, for any
derivations D, and D, of ¢, D, ~ D,, and so 131 = 132. At this point, Schroeder-Heister
and Tranchini’s argument depends on an assumption that not every proof of ¢ is the same.
That is, it is not the case that, for any derivation D, and D, of ¢ in Sy, D; ~ D,. If the
assumption is true, there are derivations of ¢ in S that are not equivalent. However, since
D, ~ D, in SH{R7), it is not possible to show in S, (Rr) that D, = D,. Therefore, the
Ekman reduction > j trivializes the identity of proofs. The triviality test says that £ is not
admissible.

As we have noted, the triviality test presumes Prawitz’s thesis and the conjecture for the
identity of proofs. If these are required for a correct natural deduction system, the triviality

test would be an admissible reduction checker. However, there are still obstacles for the
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triviality test to be a promising criterion for the admissibility of reduction procedures.

3. Problems of the triviality test

There are three problems of the triviality test to be solved. A minor problem is that the
triviality test is based on CIP. Prawitz (1971, p. 257) and Kreisel (1971, pp. 114-116) noticed
that the right-to-left direction of CIP that, for any derivations D, and D,, D, ~ D, implies
151 = 152, is convincing, but the opposite direction that 151 = 152 implies D, ~ D, is not.
Provided that we have intuitively admissible reduction procedures, Prawitz’s thesis says that
an admissible reduction does not affect the identity of proofs represented by derivations in
the same equivalence class. Equivalent derivations represent the same proof. That is,
D, ~ D, implies 151 = 152. On the other hand, the same proof can be represented by
different derivations. It is not obvious that inequivalent derivations always represent different
proofs. If the left-to-right direction of CIP is necessary for the triviality test, it should be
explicated why 131 = 132 implies D, ~ D, to have the triviality test as a promising
admissible reduction checker.

It is unclear whether the triviality test must presume both directions of CIP. Schroeder-Heister
and Tranchini seem to accept both directions. First, when Schroeder-Heister and Tranchini
(2017, p. 574) introduce the perspective of the identity of proofs, they say, ‘[f]or simplicity,
proofs might ... be considered to be equivalence classes with respect to derivations.’
Although they intend to simplify the discussion for the triviality test, it can be interpreted that
they admit both directions of CIP.

Moreover, when they introduce a typical example of two derivations which represent two
distinct proofs, they use two derivations of the same conclusion which their assumptions are

discharged at different places.

[o]!

1

~>[,1 D 7%[0 D
P S
— (p— — (p—
p—(p—yp v el ° g
o p—p
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Two derivations above belong to two different equivalent classes in the sense of Prawitz’s
equivalence relation. In the case of the empty discharge, the reduction process for — has the

following form.

D,
v, D .
p—v P N E 1
v Doy W

[>_, () —reduction is an instance of [> _,. Then, the reduced derivations below are obtained

by > _, respectively.

D
1
[¢] L, ¢ g,
p—¢ p—p

The reduced derivations are different and so the original derivations are not equivalent.

If Schroeder-Heister and Tranchini interpret that the typical example shows that inequivalent
derivations represent different proofs, their interpretation is based on the one half of Prawitz’s
CIP that 131 = 132 implies D, ~ D,,i.e. D; = D, implies 131 # 132. Therefore, it is better
to think that they accept the whole conjecture.

Prawitz (1971, pp. 256-257) introduced CIP as a philosophical consequence of the strong
normalization theorem that every derivation is reducible to a unique normal derivation
regardless of the order in which reductions are applied. If the strong normalization theorem
holds in an intended system, every equivalent derivation has the same normal derivation.
Inequivalent normal derivation cannot represent the same proof. Therefore, when the strong
normalization theorem holds, inequivalent derivations represent distinct proofs, i.e. D; = D,
implies f)l # 132.

Unfortunately, there is no guarantee that the strong normalization theorem will be established
if new rules are added in .S or new reduction procedures are introduced. Also, we are in the

context of finding the general criterion of an admissible reduction concerned with not only
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normalizable derivations but also paradoxical non-normalizable derivations. It is better not to
accept the leftto-right direction of C/P that 151 = 152 implies D; ~ D, unless there is a clear
verification of the left-to-right direction.

We may partly accept CIP, i.e. D, ~ D, implies ZA?l = 152, and use the triviality test.
However, the triviality test has two more problems that have to be solved. The first problem is
the obscurity of a test method. The triviality test uses modal notions such as “possibility.” It is
hard to say that the triviality test has a clear characterization of its application. The triviality
test only states that when a new reduction is added, it should be possible to show that two
derivations originally inequivalent still belong to different equivalent classes. Schroeder-Heister
and Tranchini’s argument finds a case that every derivation of the same formula becomes
equivalent, but it does not the only way to establish the impossibility of showing that derivations
representing different proofs belong to distinct equivalence classes. We may merely show
that inequivalent derivations become equivalent after a new reduction process is added.

Moreover, it is not desirable to use modal notions as well as an informal notion, such as
‘proof,’ in order to give a clear characterization of the criterion for admissible reductions.
The obscurity of the test method leads to an undesirable consequence that some standard
reductions for primary constants are inadmissible because the triviality test does not explicate
which derivations are fundamentally inequivalent.

Let .S, be a natural deduction system having only A-rules. S, has a set IR, of a reduction

procedure which only has the following reduction process.

D D
pAp AE, AN AE,
) D
NI
pAp D. pAP

Suppose that, for any two inequivalent derivations D, and D, ending with ¢ in S,(IR,),

there is a derivation 22, as follows:
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AN AE, A% AE,

In S, (IR;), 22, reduces to the following derivation >3, by [>..

Dy D,
o o AT
A

PRY _ AE,
®

Let us consider the below derivation >5.

Dl Dl

Y ¥ NT
AN

_ehe A
¥

>, ~ 2, butboth X, and X, are not equivalent to >, in S,(IR;) because >, and >,
are not reducible to 225 in S ([R,). Now, we add the standard reduction for A, [> , , to R, and
have [R/. Then, 23, reducesto >, and 2 reduces to the left derivation 32, below. Also, >,

reduces to the right derivation 2., below.

Since >3, ~ >, and >, ~ 25 in S, (R)), >, ~ >5. However, D, = D, in S,(IR,) and so
>, = 25 in S,(IR). It is not possible to show in S,(R,) that >, = >, [> , trivializes the

identity of proofs in .5, and so is not an admissible reduction for St . Hence, the triviality test
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makes the standard reduction process [> , inadmissible. Should we say that [> ., is an
inadmissible reduction process?

The above result shows that the notion of an inequivalent derivation is relative to our
choice of the set of reductions. If we use the triviality test with the set of reductions which
already have inadmissible reductions, it can evaluate that even standard reduction procedures
commonly considered admissible are inadmissible. In this regard, the base set of admissible
reductions should be properly chosen. Unfortunately, at this point, the triviality test faces the
second trouble.

The second problem is the circularity problem. The triviality test is (partially) based on
CIP, especially that D, ~ D, implies lA)l = ZA)Q. The notion of an inequivalence relation
between two derivations has the significant role of the triviality test. The matter is that the
equivalence relation is dependent on which set of reductions we choose. The evaluation of
whether a newly added reduction process trivializes the identity of proofs or not is relative to
our choice of the base set of admissible reductions. By the way, since the triviality test should
be an admissible reduction checker, the admissible reductions in the base set should also be
evaluated by it. The circularity problem arises. If admissible reductions are dependent on our
choice of reductions, we can simply choose without worrying about which reduction process
is admissible. In the next section, we shall attempt to solve these problems and revise the

triviality test.

4. The spoiler test and solutions

In order to solve the circularity problem of the triviality test, we need to fix the base set of
admissible reduction procedures. Although the Ekman reduction process gets rid of unnecessary
steps, its role is different from the role of reductions for A and —. Schroeder-Heister and
Tranchini did not distinguish such roles. Unlike the Ekman reduction, the reduction procedures
for A and — has the main role to eliminate a maximum formula in accordance with the
inversion principle which is the core principle of Gentzen-Prawitz’s natural deduction. In
Section 4.1, we will distinguish between the standard and auxiliary reductions and define a

base set of reductions. Then, the circularity problem will be solved. For the problem of the

HtH 2 _ The Identity of Proofs and the Criterion for Admissible Reductions 43



obscurity of a test method, we revise the triviality test and propose the spoiler test in Section

4.2.

4.1 The solution to the circularity problem: the standard and auxiliary

reduction procedures.

When Gentzen (1935) introduces a natural deduction system, he explains the roles of

introduction and elimination rules as below:

The introductions represent, as it were, the ‘definitions’ of the symbols concerned, and
the eliminations are no more, in the final analysis, than the consequences of these defi
nitions. This fact may be expressed as follows: In eliminating a symbol, we may use the
formula with whose terminal symbol we are dealing only ‘in the sense afforded it by the

introduction of that symbol.” (Gentzen, 1935, p. 80)

Gentzen’s idea is often interpreted as the meaning of a logical constant is exhaustively
determined by its introduction rule and determines its elimination rule.

Prawitz (1965) borrowed the idea and has developed it. To realize Gentzen’s idea that an
elimination rule is determined by the meaning of the conclusion of an introduction rule, there
must be a certain requirement that fixes the elimination rule as the inverse of the
corresponding introduction rule. For such requirement, Prawitz (1965, p. 33) suggests the
inversion principle which states that whatever follows from a formula must follow from the

direct ground for deriving that formula. We borrow his principle in the following way.

The Inversion Principle: Let D, be any immediate subderivation of an introduction rule for
deriving the major premise of an elimination rule, ; be any derivation of minor premises of
the elimination rule, and ¢ be any conclusion of the elimination rule. D, together with D;
already derives ¢ without the application of the elimination rule. (i.e. any consequences of
the major premise is derivable by D; together with D;.)

The inversion principle reflects Gentzen’s idea and says that nothing is gained by the

application of an elimination rule when its major premise has been derived by means of an
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introduction rule. In order to show that a pair of introduction and elimination rules of each
constant (or operator) satisfy the inversion principle, Prawitz (1965, pp. 35-38) proposes
reduction procedures for logical constants. When a reduction procedure satisfies the
inversion principle, it provides a method to eliminate a maximum formula. Thus, any
reduction procedure eliminating a maximum formula in accordance with the inversion
principle will be called a standard reduction procedure. The examples of standard reduction
procedures are the reduction procedures for A and — introduced in Section 2.1.

The Ekman reduction is not a reduction which fits the inversion principle. Ekman
maximum formula is not a maximum formula in the standard sense because it is neither a
conclusion of an introduction rule nor a major premise of an elimination rule. Therefore, the
Ekman reduction is not a standard reduction. Rather, it is a process to reduce the length of a
derivation. We will call it an auxiliary reduction process.4)

Since the inversion principle reflects Gentzen’s idea, it explains not only the primary roles
of introduction and elimination rules but also those of the standard reductions in natural
deduction. With respect to the primary roles, Dummett (1991, p. 250) treats ‘the eliminability
of [maximum formulas] as a criterion for intrinsic harmony.” The intrinsic harmony is often
regarded as a minimum requirement for acceptable rules. It can be defined via the inversion

principle.

Definition 4. (Intrinsic Harmony) Let ° be a constant. Introduction and elimination rules
for ° are intrinsically harmonious iff every pair consisting of an ° /- and ° E-rules satisfies
the inversion principle.

From the history of the development of natural deduction, it is convincing that we have
minimal criteria of acceptable rules and of admissible reduction procedures through the

inversion principle. Therefore, we say that, for any system S, the base set R of admissible

4) The degree d(¢) of a formula ¢ is defined by d(_L)= 0, d(«)= 0 for an atomic formula «, d(p °¥)= d(p)+ d
(@)+ 1 for binary operators °, d(° ¢)= d(¢)+ 1 for unary operators <. The length of a derivation D is the number
of formula occurrences. There are at least three sorts of auxiliary reductions which (i) lessens the degree of a ma-
jor premise or (ii) lessens the length of a derivation, or (iii) changes the order of subderivations of a derivation.
The example of (i) is a reduction process for the rule of classical reductio suggested by Prawitz (1965, p. 40). The
Ekman reduction is the example of (ii). The example of (iii) is a permutation conversion introduced in Prawitz
(1965, p. 51; 1971, p. 253). The target of these reductions (i), (ii), and (iii) are not to eliminate a maximum
formula. Therefore, the standard reduction and auxiliary reductions are to be distinguished.

HtH 2 _ The Identity of Proofs and the Criterion for Admissible Reductions 45



reduction procedures of S consists of all standard reduction procedures for constants of
intrinsically harmonious rules in .S. Then, the circularity problem suggested in Section 3 is
solved. When 5, has intrinsically harmonious rules for A, it has the base set IR, consisting of
the standard reduction for A. Since 23, ~ 225 in S, (IRy), we do not arrive at the conclusion
that > , is inadmissible. Moreover, while an intended system has intrinsically harmonious

rules, its base set of admissible reductions exists and the circularity problem does not occur.

4.2 The spoiler test

The circularity problem can be solved, but the triviality test still has an unclear characterization
of its test method. For instance, as we have noted in footnote 3 of Section 2.2 and Section 3, it
remains obscure whether we should show that every provable derivation of the same
conclusion is equivalent in order to evaluate the triviality of a given reduction. Therefore, we
propose the spoiler test as an improvement of the triviality test on Prawitz’s perspective of the
identity of proofs.

Although Prawitz (1971, pp. 256-257) suggests his thesis and CIP as the philosophical
consequence of the strong normalization theorem, our criterion for admissible reductions
should be applicable to a system that the strong normalization theorem does not hold. For
instance, the derivation of a set-theoretic paradox introduced in Prawitz (1965, pp. 94-95)
yields a non-terminating reduction sequence and so is not normalizable. The strong normalization
theorem cannot be established in the system containing Prawitz’s derivation of a set-theoretic
paradox. However, it is hard to say that the derivation uses an inadmissible reduction process.
The strong normalization theorem does not need to be requested for finding the criterion for
admissible reduction procedures.

For persuing the admissible reduction checker based on the identity of proofs, especially
the one half of CIP, ie. D, ~ D, implies 151 = 152, the Church-Rosser’s confluence
property (CRCP) is more suitable than the strong normalization.

The Church-Rosser’s Confluence Property(CRCP): Let D,, D,, D, D, be any
derivations in an intended natural deduction system. If D, > D, and D, > D; where
D, = D, then there is D, such that D, > D, and D; > D,.

Church-Rosser theorem states something concerning reduction sequences in the lambda
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calculus, however the property was proved in an intuitionistic natural deduction system by
Jean-Yves Girard (1987, pp. 135-150). Every normalizable derivation satisfying CRCP has
at most one normal derivation. If two distinct derivations reduce to different normal
derivations, they are not reduced from the same derivation. Moreover, a system having a
paradoxical derivation which generates a non-terminating reduction sequence and so is not
normalizable can satisfy CRCP. For instance, the derivation of a set-theoretic paradox
introduced in Prawitz (1965, pp. 94-95) is not normalizable but it satisfies CRCP because
CRCP does not require that every derivation should be normalizable.

While we only consider derivations satisfying CRCP, it is guaranteed that there are no
distinct normal derivations reduced from the same derivation. Using CRCP, we introduce the

spoiler test.

The Spoiler Test: Let S be any natural deduction system satisfying CRCP, and R be a base
set of standard reductions for S. Let [> be a reduction procedure not in IR and IR be an
extension of Rby adding [> . [> spoils the identity of proofs in S(R) if there is a derivation in
S(IR') which does not satisfy CRCP; otherwise, it does not. > is an admissible reduction
procedure in S(IR) if it does not spoiler the identity of proofs in S(IR); otherwise, it is
inadmissible.

Any reduction procedures which spoil the identity of proofs are called a ‘spoiler.” Let us
consider the same system S (Ry) and S (IRr) introduced in Section 2.2. IRy is the base
system for 5. Rz is an extension of IRy by adding the Ekman reduction [> , to Ry. We only
need the right-to-left direction of CIP that D, ~ D, implies ZA)l = ZA)Q. Now, we have an
argument that the Ekman reduction [> , is a spoiler and is inadmissible.

Let D, be any closed normal derivation of ¥. For any distinct closed normal derivations

D, and D, of ¢, we have the following derivation A4 of ¢.

Dl
D, v, D
’P
@ —>17¢><pr ¢
U— 4 R
@
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The application of the Ekman reduction [> ,to A4 yields the left derivation 4, below and

the right derivation 43 below is given by the application of [> (4 to 4.

Since D, and D, are distinct normal derivations, there is no single derivation reducible
from both D, and D;. Therefore, there is a derivation in S(IR) which does not satisty CRCP.

Therefore, the Ekman reduction process [> j is inadmissible because it is a spoiler.

5. An objection: Crabbé’s case

Schroeder-Heister and Tranchini (2018) have considered an example observed by Marcel
Crabbé which arises the problem of overgeneration of the proof-theoretic criterion for
paradoxicality. So to speak, the case of Crabbé shows that the criterion for paradoxicality
makes a non-paradoxical derivation paradoxical. They said that the triviality test fails to
block the reduction procedures used in Crabbé’s case and so it is a defect that the test cannot
solve the overgeneration problem. If it is a defect of the triviality test, the spoiler test may
have the same defect.

After we will introduce a brief summary of the development of the proof-theoretic criterion
for paradoxicality in Section 5.1, we will see in Section 5.2 that every reduction used in
Crabbé’s case passes the spoiler test. Yet, we shall argue that not every problem of
overgeneration is occurred by inadmissible reduction. When we focus on the method of
evaluating admissible reduction, the spoiler test can be the criterion for admissible reduction

procedures.

5.1 A brief summary of the development of the proof-theoretic criterion
for paradoxicality

Prawitz (1965, Appendix B) first investigated that a derivation of L from the set-theoretic

paradox falls into a non-terminating reduction sequence, i.e. such derivation is not normalizable.



Tennant (1982, p. 283) has claimed that the non-terminating reduction sequence is the
distinguishing feature of the genuine paradoxes and proposed a proof-theoretic criterion for

paradoxicality. Let A/ be any model and 6 (/) be a set of sentences relative to A/. He said,

A set of sentences is paradoxical relative to A/ iff there is some proof of [ L] from 6 (4),

involving those sentences in id est inferences, that has a looping reduction sequence.

His id est inferences may be any inferences having a formula interdeducible with its own
negation (or its predication), such as inferences from ¢ to —~¢ and —~¢ to . Although his first
stipulation of the criterion is not purely described in proof-theoretic fashion because of using
the notion of a ‘model,” Tennant’s early version of the proof-theoretic criterion for

paradoxicality, PCP, can be summarized as below.

Tennant’s Proof-Theoretic Criterion for Paradoxicality(PCPr): Let .S be a natural deduction
system relative to a set R of reduction procedures. Let D be any derivation in S. D is a

P-paradox if and only if

(1) D is a (closed or open) derivation of _L,5)
(ii) id est inferences (or rules) are used in D,
(iii) applications of the reduction procedures in Rto D yield a non-terminating reduction

sequence.b)

PCPr has a counterexample which raises the problem of overgeneration. When PCPr
overgenerates, it includes a non-paradoxical derivation into the realm of P-paradoxes. Ekman’s
paradox suggested by Schroeder-Heister and Tranchini (2017) causes the overgeneration

problem. Tennant (2017) has attempted to solve the problem and proposed an additional

5) L is not the only unacceptable conclusion. We can use a propositional variable p as an unacceptable conclusion
while formulating Curry’s paradox. For the examination of other cases, the reader can consult Tennant (1982)

6) Tennant (1982, 1995) has introduced two types of a non-terminating reduction sequence; a looping reduction se-
quence and a spiraling reduction sequence. Tennant (1995, p. 207) said that a looping reduction sequence is the
main feature of the self-referential paradoxes whereas a spiraling reduction is generated by non-self-referential
paradoxes, such as Yablo’s paradox.
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condition that every elimination rule is to be stated in generalized form. However, as
Schroeder-Heister and Tranchini (2018) note, there is an Ekman-type paradox using generalized
elimination rules which shows that Tennant’s revised criterion overgenerates. We follow
Schroeder-Heister and Tranchini’s diagnosis that Ekman’s paradox uses too loose reduction
procedure. So instead of considering Tennant’s additional criterion, we have the revised
version of the proof-theoretic criterion for paradoxicality, PCPg, by adding the following

condition to PCPr.

(iv) every reduction procedure in R is admissible.

Then, our discussions of the criterion for admissible reductions in the present paper can be

melted into the discussions of PCPxk.

5.2 Should the spoiler test solve the overgeneration problem occurred by

Crabbé’s case?

The criterion for paradoxicality is one thing and the criterion for admissible reductions is
another. Schroeder-Heister and Tranchini (2018) have regarded the triviality test as the
solution for every overgeneration problem of PCPg. The failure of solving the problem of
overgeneration occurred by Crabbe’s case becomes a defect of the triviality test.

On the other hand, we claim that the spoiler test need not be a general solution to all
overgeneration problems. After we shall see that every reduction in Crabbé’s case passes the
spoiler test, we will argue that not every overgeneration problem is raised by inadmissible
reductions.

To begin with, Crabbé’s case may raise the overgeneration problem of PCPx. It has rules
for Zermelo’s separation axiom. We propose the rules for Zermelo’s separation axiom as the

rules for € in the following way.

Dy
&= Ere Ere
tEs oplt/z] 7 tex x|<p(m)EEl tex s|go(x)EE2
texEs|p(x) tEs olt/z]
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The standard reduction procedure [> - for € 7— and € F'—rules are as below:

Dy D,

tes cp[t/x] e/

texsslp(r) e R, D,
tEs > ey tEs

D, D,

tEs go[t/x] eJ

texsslp(x) e, D,

olt/z] > e olt/x]

We call both >~ and [>,, ‘Crabbé reduction.” For any set b, we define Z, as a set
rEb|l-rEx. We take ~zEz for ¢ in € /— and € E— rules and for terms ¢ and s we take

Z, and b respectively. Then, the following rules are the instances of € /— and € E— rules.

Dl DQ
Z2,€b ~Z,EZ, Z,ExEb|lzEx e Z,ExEb|lzEw
Z,ExEb|~zET Z,Eb ! ~Z,€ 2, 2

Moreover, the instances of the reduction procedures [> - can be suggested in a similar
way. Let Sc be a system having &- and —-rules. Since [>_, and > are standard
reductions, S< has a base set of reductions including [>_, and [> <. Then, the following

result is called, ‘Crabbé’s case.’

Lemma 1. There is an open derivation © of L from the assumption [Z,Eb) in Sc relative

to Re which generates a non-terminating reduction sequence, and so is not normalizable.

Proof. See Schroeder-Heister and Tranchini (2018).
Proposition 2. There is a closed derivation of —~y(Z,Ey) in SE. Proof By using

Lemma 1, it is easily proved.

IRe does not have auxiliary reductions but have standard reductions for [>_, and [> .
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According to the spoiler test, all reductions in [Re are admissible. Also, it is readily seen that
every derivation in Sc satisfies CRCP.7) Proposition 2 states that no set contains its own
subset and is a commonsense result in a consistent Zermelo’s paradox, but the derivation ©
of Lemma 1 satisfies PCPg. As Crabbé’s case does not formulate a paradox, PCPr makes it a
P-paradox. Hence, Crabbé’s case shows that PCPr over generates and the spoiler test can not
solve the over generation problem.

Since Schroeder-Heister and Tranchini (2018) think that the triviality test has a defect that
it is unable to solve the overgeneration problem by Crabb’e’s case, they may say that the
spoiler test has the same defect. However, the criterion for admissible reductions does not
need to solve every problem of overgeneration by ruling out inadmissible reduction
procedures. Not every overgeneration problem is caused by inadmissible reductions. For

arbitrary ¢, we consider the following odd rules for ¢ and their standard reduction > .

]!
Dl Dl
= e ¢
o wl N oE
The standard reduction for ¢ is stated as below.
[p]!
D, D,
L D
— ol —= ®
P ¥ E D,
L 4 > L

Let us consider a system having —— and ¢ —rules with their standard reductions. In the

system, the following derivation is proved.

7) For the proof, the reader can consult Girard (1987, pp. 135-150). The cases concerning [>. are similar to the
cases concerning > , .
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[]®  [p] oE

1 1 = =1,

1
ol lel  p b P
N - [p]?
—1, d 2 —F
— | €L

‘Pﬁ(p ,,,,,,,,, def - oy
—F

The derivation does not represent any paradox but satisfies PCPrand PCPx. It shows that
both criteria overgenerate. However, we should not say that [>, is the culprit of generating a
non-terminating reduction because [>, relies on the form of w/—rule. p/—rule already
contains a constant that it is intended to introduce in its conclusion. A reduced derivation by

[>, still has a maximum formula ¢. The reduction process does not terminate.

Similarly, the form of Crabbe reduction, [> -, relies on the form of & 7— rule. Since
€ I— rule has the premise —7,& Z, whose degree is greater than that of the conclusion
Zy=e{x<bl-x=x}, the reduced derivation has the formula -7, Z, by eliminating the
maximum formula Z,& {zEb|-2Ez}. Therefore, the real problem may not be Crabbé
reduction itself but be the form of & 7— rule. From these cases, we conclude that not every
problem of overgeneration is raised by inadmissible reductions. When we focus on the way
to assess admissible reductions, the spoiler test can be regarded as a promising criterion for

admissible reductions.

6. Conclusion and other alternatives

In this article, we introduce Schroeder-Heister and Tranchini’s triviality test and two main
problems of the test: the obscurity of a test method and the circularity problem. In order to
solve the two problems, we first have distinguished between the standard and auxiliary
reduction procedures and proposed the way to have a base set of standard reduction procedures.
Second, we have introduced the spoiler test as an improvement on the triviality test. The
spoiler test can be a promising criterion for admissible reduction procedures.

Of course, there are other possibilities. It is often claimed that a natural deduction system is

isomorphic to a sequent calculus system if the generalized eliminations are used. (Cf.
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Tennant (2002), Negri and von Plato (2001) and von Plato (2011)). Especially, Negri and von
Plato (2001, Ch.1 and Ch. 8) propose an inductive definition of the translation algorithm
between an intuitionistic natural deduction system with generalized elimination rules and an
intuitionistic sequent calculus system with independent contexts. Let I', A, © be a finite
multiset, i.e. a list with multiplicity but no order, of assumptions in sequent calculus. We use
a binary derivation symbol = and ‘I" = ¢’ means that the antecedent I" derives the
succedent . For convenience, we introduce the following left and right rules for —, and

cut-rule in sequent calculus.

I'=¢p UV,A=o0o p, I'=¥ R I'=p g, A=V

oUW L A=o "  T=pow A=y

@ in Cut—rule is called a cut-formula. The reduction process for — in the style of

generalized elimination rule is as follows.

D,

]! @

D, [w]! D,

v, D D v

a4 5 % a Dy
—F

o >, o

>_, —reduction in natural deduction is translated as below by Negri and von Plato’s

algorithm.
D, D, D, D, D,
o, =W AN=p U, Ay=0 ANi=p o, =T D',
R*} L—> u
I'=p—>v o=V, A, Ay=0 A=V U, Ay=o0o Cut
I Ay, Ay=o Cut I Ay, Ay=o "

As the maximum formula ¢ — ¥ is eliminated by [> _, — reduction in the original derivation,

the cut-formula in the translated derivation is removed by the above reduction. If a natural
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deduction with generalized elimination rules has an isomorphic translation to a sequent calculus,
the isomorphic translation of normal derivations preserves the order of rules such that an
introduction rule turns into corresponding right rule and an elimination rule into a left rule.
The isomorphic translation guarantees the correspondence between normal and cut-free
derivations. In this sense, if one of the main roles of an admissible reduction is to eliminate
the maximum formula or to lessen the degree of it, an elimination of the cut-formula or a
lessening of the degree of it plays the same role.

One of the interesting points is that Ekman’s reduction stated in generalized form seems to
be a cut-making process. Let us consider the following form of the Ekman reduction stated in

generalized form with open assumptions.

D, [90]2 Dy
1
o=l o W g D @
[LT/HSD] v D,
—>E,2 >
g Y B (o

The derivation is translated as below.

D',
I'=p =V P D', D', D',
I p—>U=V 0, A=ag I I'=p p, A=ao Cut
o>V U—p, I, A=0o reduces to I A=o0o

Interestingly, the translated derivation on the left side has no cut-formula but after applying
the reduction process, the cut-formula ¢ appears on the right side derivation. One who
accepts that there is an isomorphic translation between natural deduction and sequent calculus
can claim that the Ekman reduction is wrong because it is a maximum (or cut) formula-
making process. On the other hand, one may say that the case shows the failure of the isomorphic
translation between natural deduction and sequent calculus. Further investigation is needed
to clarify the relation between two systems and to pursue the criterion for admissible reductions

with regard to the isomorphic translation.
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Knowledge as Objectively Justified Belief

Byeong Deok Lee

Sungkyunkwan Univ,

Abstract

According to Lehrer’s defeasibility account of knowledge, we can understand knowledge
as undefeated justified true belief. But this account faces many serious problems. One
important problem is that one can hardly determine whether one’s justification of a belief is
undefeated. Another problem is that it can hardly accommodate the externalist intuition that
the epistemic status of a belief is not entirely determined by factors that are internal to the
subject’s perspective. The purpose of this paper is to offer an alternative account of
knowledge which can successfully deal with these problems. This account is based on a
Sellarsian social practice theory of justification, according to which a proposition is justified
just in case we can answer all objections raised against it in our social practice of demanding
justification and responding to such demands. On the basis of this social practice theory of
justification, I argue that we can understand knowledge as objectively justified belief. I also
argue that this new account of knowledge can successfully deal with the problems with the

defeasibility account.

1. Preliminary Remarks

The purpose of this paper is to offer a new account of knowledge which explains
knowledge in terms of objectively justified belief. There are important similarities between
my account of knowledge and Keith Lehrer’s defeasibility account [1969; 2000; 2003; 2005].

On the latter, we can understand knowledge as undefeated justified belief.” One important
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problem with this defeasibility account is that one can hardly determine whether one’s
justification of a belief is undefeated. Another problem is that it can hardly accommodate the
externalist intuition that the epistemic status of a belief is not entirely determined by factors
that are internal to the subject’s perspective. I accept a Lehrerean conception of coherentist
justification, according to which our concept of coherence is to be understood in terms of
‘answering all objections’ or ‘beating all competitors’. In addition, I agree with the basic idea
of the defeasibility approach: knowledge that p requires that there be no hidden truths that
defeat one’s evidence for believing that p. As we will see, however, my account of
knowledge can successfully deal with the problems of the defeasibility approach.

In addition to the defeasibility approach, there are other competing approaches to
knowledge, such as the causal approach (e.g., Goldman [1967; 1976]), the reliabilist
approach (e.g., Goldman [1986]), and the virtue-theoretic approach (e.g., Sosa [2007]). But I
will not discuss those competing approaches in this paper for the following reasons. As
noted, the main goal of this paper is to offer a new account of knowledge which is similar to
Lehrer’s account of knowledge. And a proper discussion of other competing approaches
would take me too far afield from the main goal of this paper.

This paper proceeds as follows. In section 2, I briefly discuss Lehrer’s defeasibility
account of knowledge. As we will see, although there are important similarities between his
account and mine, there are important differences as well. In section 3, on the basis of a
Sellarsian social practice theory of justification, I argue that we can understand knowledge as
objectively justified belief. Finally, in section 4, I argue that my account of knowledge can
successfully deal with the problems of Lehrer’s defeasibility account. And I bring out the
distinctive characteristics of my account further by comparing it with Michael Williams’s

contextualist view.

1) The concept of epistemic defeasibility was originally introduced by Roderick Chisholm [1964], based on an anal-
ogy with the ethical concept of a defeasible obligation. And the defeasibility account of knowledge is also de-
fended by many philosophers such as the following: Lehrer and Paxson [1969], Klein [1980; 2008], Swain
[1981; 1998], Pollock [1986], Hilpinen [1988], and De Almeida & Fett [2016].
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2. Lehrer’s Defeasibility Account of Knowledge

According to Lehrer’s defeasibility account, knowledge is undefeated justified true belief.
And he understands justification in accordance with his coherence theory of justification.
Thus, let me briefly explain his theory of justification.

To begin with, what is coherence? Coherence is usually understood as a matter of how the
components in a system of beliefs fit together or dovetail with each other. Except for this sort
of metaphorical characterization, however, there is no generally accepted definition of
coherence. In this frustrating situation, Lehrer offers us a very illuminating account of this
elusive concept. On his proposal, we can understand coherence in terms of ‘answering all
objections’ or ‘beating all competitors’. On this view, one’s belief that p coheres with one’s
evaluation system just in case one can answer all objections raised against it on the basis of
one’s evaluation system (see Lehrer [2000: 170]). In addition, on Lehrer’s view, justification
consists of two levels. The first level is personal justification, and the second level is
undefeated justification. A subject, S, is personally justified in believing that p just in case
she can answer all objections raised against it on the basis of her evaluation system. And
“undefeated justification is personal justification that is not based on error” (Lehrer [2000:
153)).

At this point, it is important to note that even undefeated justification is based on personal
justification. This means that Lehrer adopts a subjective model of justification. And based on
this subjective model of justification, he defines knowledge as follows. S knows that p just in

case the following four conditions hold:

(i) Itis true that p.
(ii) S believes that p.
(iii) S is personally justified in believing that p.

(iv) S is justified in believing that p in a way that is undefeated.”

2) Lehrer distinguishes between belief and acceptance (see [Lehrer 2000: 13]). On his view, belief may result from
the pursuit of some purpose, but it is not defined in terms of any purpose, whereas acceptance requisite to knowl-
edge is a special kind of acceptance for an intellectual purpose concerned with truth. For this reason, on his view,
knowledge requires an acceptance condition rather than a belief condition. Fortunately, this distinction would not
affect the main arguments of this paper. Thus, I will ignore this distinction in this paper for the sake of brevity.
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One important thing to note about the above account is that the fourth condition of
knowledge (that is, the no-defeater condition) makes the first condition (that is, the truth
condition) superfluous. The reason is straightforward. Suppose that S is personally justified
in believing that p on the basis of evidence e. Then this justification is defeated if there is a
true proposition d such that the conjunction of e and d fails to justify S in believing that p.
And if ‘p’ happens to be false, there is a true proposition d (namely ‘not-p’) that defeats the
justified status of S’s belief that p. This is because the conjunction of e and not-p fails to
justify S’s belief that that p (see [Lehrer 2000: 171-172]). But we can hardly rule out the
possibility that any given (contingent) proposition might turn out to be false, no matter how
strongly it is currently justified. If so, how can one’s personal justification of a belief be
connected with truth in a way that yields knowledge?

Lehrer addresses the above question by appealing to what he calls ‘the Principle of

Trustworthiness’.

T. I am trustworthy (worthy of my own trust) in what I accept with the objective of
accepting something just in case it is true. [Lehrer 2000: 138]

On Lehrer’s view, S is personally justified in believing that p just in case she can answer all
objections raised against it on the basis of her evaluation system. S can answer an objection
raised against her belief that p if it is more reasonable for her to accept that p than the
objection. But her belief that p will not be truth-conducive if she is not trustworthy in judging
this kind of comparative reasonableness. Therefore, to meet objections, S has to accept the
Principle of Trustworthiness (see Lehrer 2005: 421]). How then does Lehrer defend this
principle?

On his view, one’s being justified in holding a belief depends on Principle (T). As a
consequence, one cannot justify T on the basis of one’s evaluation system. For this reason,
Lehrer admits that (T) applies to itself. If, however, (T) applied to itself, then the justification
of (T) would be circular. Nonetheless, Lehrer argues that the circularity involved in the
justification of (T) is virtuous, rather than being vicious. Besides, he argues that the

circularity involved in the justification of (T) is explanatory, rather than being argumentative
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(see Lehrer 2000: 143]).

However, Richard Manning [2003] argues that Lehrer’s retreat from justification to
explanation fails in the context of defending (T). One important reason is this. Every
explanation consists of two distinct components: the explanandum and the explanans. And
when we are trying to explain something, we begin with the assumption that that thing needs
to be explained. Thus, as Manning [2003: 208] points out, in the context of explaining
something, we start with the assumption that we can take the explanandum for granted. As a
consequence, we can explain why it is reasonable to accept (T) on the basis of the truth of (T),
insofar as we can take the explanandum for granted. If so, the explanandum in question,
namely that it is reasonable to accept (T), must already have a positive justificatory status.
For this reason, when Lehrer retreats from circular justification to circular explanation, he
must start by assuming what needs to be justified. In other words, what needs to be justified is
assumed as the explanandum, that is, something which we can take for granted. According to
Manning, this is not just changing a strategy for the game we have been playing for the
purpose of justifying (T), but rather changing the game itself. The reason is straightforward.
If the reasonableness of (T) were taken for granted, Lehrer would not have faced the demand
for justifying (T) in the first place.

Despite the above objection, Lehrer [2003: 343-344] still wants to defend (T) in the
following way. If one does not accept (T), one can explain nothing. This would be an
epistemic disaster. By contrast, if one accepts (T), one can explain why one is reasonable to
accept many things about which one deeply cares. And it is certainly better to explain as
much as we can than to explain nothing. Therefore, this kind of explanatory power makes the
circularity involved in (T) virtuous. But this line of argument amounts to the ‘this or nothing’
argument. And one important problem with this argument is that it does not give us any
illuminating insight as to why the Principle of Trustworthiness is correct. For these reasons, |
agree with Manning that Lehrer is not successful in justifying (T).

In addition, Lehrer’s defeasibility account is not successful in avoiding Gettier-style
counterexamples (see [Gettier 1963]). Let me explain. On Lehrer’s view, undefeated
justification is personal justification that is not based on any error. How then can one evaluate

whether one’s belief is justified in a way that is undefeated? Lehrer addresses this question by
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appealing to what he calls ‘ultrasystem’. The ultrasystem of a person is what remains when
everything false is eliminated from the person’s evaluation system. And a person’s
justification of a belief is undefeated just in case the belief is justified on the basis of his
ultrasystem. But then, how can a person be in a position to judge that his justification of a

belief is based on the ultrasystem? In this regard, Lehrer writes:

One might worry that the ultracritic in the ultra justification game imagined above is
merely a useless fiction because no one will actually be in a position to play the role of the
ultracritic. The objection is, however, unwarranted. I may know enough about what another

person accepts to play the winning role of an ultracritic against him. [Lehrer 2000: 162]

The above reply is implausible, however. Suppose that S’s personal justification for
believing that p is undefeated throughout her entire life. Note that this is compatible with the
possibility that some defeating evidence becomes available only after S’s death. In such a
case, someone will be in a position to play the role of the ultracritic only after S dies. This
means that during her lifetime, S is not in a position to judge that her personal justification for
believing that p is based on an error. For this reason, the fact that S has done everything to
reach the truth from her point of view is compatible with the possibility that the belief might
be true merely by luck, that is, due to an accidental feature of her situation that has nothing to
do with her evidence for believing that p. Along these lines, it can be argued that Lehrer’s
defeasibility account is still susceptible to Gettier-style counterexamples.

The above point could be put somewhat differently. Lehrer’s defeasibility account faces a
serious dilemma with regard to how to understand the no-defeater condition. If, on the one
hand, this condition is understood as something that a subject can evaluate from the subject’s
perspective, as argued above, Lehrer’s account is susceptible to Gettier-style counterexamples.
If, on the other hand, this condition is understood in such a way that it implies the truth to the
effect that it can avoid Gettier problems, we can argue that it is not something which one can
epistemically evaluate from one’s subjective point of view. In other words, one can hardly
evaluate whether the no-defeater condition holds or not. But one is entitled to say that S

knows that p just in case one is entitled to say that the aforementioned four conditions of
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knowledge hold. Accordingly, if one is not entitled to say that the no-defeater condition
holds, then one is not entitled to say that S knows that p, either. This means that Lehrer’s
account fails to explain why we are often entitled to make knowledge attributions.”

One more important problem with Lehrer’s account is concerned with the externalist
intuition that the epistemic status of a belief is not entirely determined by factors internal to
the subject’s perspective. For example, suppose that a child has an ordinary perceptual belief
that an apple is in front of him. Suppose also that this child is unable to offer any suitable
justification for this belief because he is not yet epistemologically sophisticated. Even in such
a case, it seems, the child knows that an apple is in front of him. Our epistemic goal is usually
understood as having true beliefs and avoiding false beliefs. Thus, a justified belief must be
truth-conducive. The child’s belief in question has been formed by his reliable perceptual
mechanism to the effect that it is truth-conducive. Thus, according to reliabilists, true beliefs
can amount to genuine knowledge even when the candidate knower is unable to offer any
suitable justification. Following Robert Brandom [2000: 97], let us call this the Founding
Insight of reliabilism. But Lehrer’s defeasibility account of knowledge can hardly accommodate

this insight. He writes:

The evaluation system of the person provides justification for what a person accepts by
providing answers to some objections and neutralization of others. (O But what is essential
is that the person understands how to meet and neutralize the objections to what he accepts.

[Lehrer 2000: 200-201]

But the aforementioned child would not be able to meet the demand for justifying his belief
in question because he is not yet epistemologically sophisticated. Hence, Lehrer’s account

can hardly explain why the child can be taken to know that an apple is in front of him.

3) De Almeida and Fett [2016] argue that the most important objections raised against the defeasibility of account
so far are the ones put forward by Feldman [2003], Foley [2012], and Turri [2012], and also that the defeasibility
account can successfully tackle these objections. In this paper, I do not want to dispute that the defeasibility ac-
count could handle those objections. On my view, however, the defeasibility account is still vulnerable to the
problem of how to evaluate whether one’s personal justification of a belief is undefeated.
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3. Objectively Justified Belief

In this section, on the basis of a Sellarsian coherence theory, I will offer an alternative
account of knowledge, according to which we can understand knowledge as objectively
justified belief.”

Above all, I accept a Lehrerean conception of coherence. As pointed out in the previous
section, Lehrer explains coherentist justification in terms of answering all objections. On this
view, one is justified in believing that p just in case one can answer all objections raised
against it on the basis of one’s evaluation system. But I accept a Sellarsian social practice
theory of justification. On this view, our concept of being justified in holding a belief has
been developed on the basis of our social practices of demanding justification and responding
to such demands. Thus, we should understand our concept of justification in accordance with
this social practice model of justification. As a consequence, we have to modify Lehrer’s
conception of coherence in accordance with this intersubjective model of justification. On
this social practice theory of justification, we are justified in believing that p just in case we
can answer all objections raised against it in our social practice of justification.

In addition, as Brandom argues, our social practice of justification requires the default-
and-challenge structure of justification (see [Brandom 1994: esp. 204-206]). The reasons are
roughly as follows. In the first place, the infinite regress of justification is not possible in our
social practice of justification. In the second place, genuine doubt can take place only against
a background of beliefs that are not doubted at the same time; to put the point another way,
there must be a conceptual framework within which doubts and settlement of doubt take
place. Therefore, the possibility of one’s defending something requires that some claims be
treated as having default justification unless we are given positive reasons to doubt them; that
is, there must be some claims for which the burden of proof (or justification) shifts to any
challenger.

With the above points in mind, let us now consider a certain belief that p which currently
has a positive justificatory status in our social practice of justification. In this case, we cannot

rule out the possibility that our belief that p might be based on some overriding error. For

4) For a detailed discussion and defense of the Sellarsian theory of justification, see Lee [2017; 2019a; 2020b]. See
also Sellars [1963, esp. chapters 4 and 5; 1979].
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example, it is possible that we are currently omitting or neglecting some defeating evidence
against this belief. Or some evidence that is not currently taken to defeat our belief that p
could be recognized as a defeater at a later time. Thus, we can lose the justification for
believing that p by acquiring new evidence that together with the old evidence no longer
justifies our belief that p. I agree with the defeasibility account on this point. Another thing
worth pointing out is this: it is a regulative ideal of our epistemological pursuit that any
rational being is not excluded from our justification practices. If any rational being shows us
why we are mistaken in believing that p, we ought to give up the belief for the sake of
achieving our epistemic goal of having true beliefs and avoiding false beliefs. In this sense,
there are no membership restrictions to our social practice of justification to the effect that
any rational being could, in principle, participate in our social practice of justification. Even
the future generations are not excluded from this membership. Thus, if a certain belief of ours
is based on some overriding error, then some rational being could, in principle, point out the
error to us someday, and so the belief could thereby lose its positive justificatory status in our
social practice of justification. If, on the other hand, a certain belief of ours is not based on
any overriding error, then its positive justificatory status would not be lost in the future. In the
latter case, we may say that it is not merely taken to be justified, but really justified. Along
these lines, we can distinguish between being merely taken to be justified and being really (or
objectively) justified by recourse to our forever ongoing, dynamic practice of justification.
And on the basis of this distinction, we can argue that if a belief has a positive justificatory
status in our social practice of justification and if its positive justificatory status does not
depend on any overriding error, then it is not merely taken to be justified, but rather it is really
(or objectively) justified.

Along the above lines, we may argue that objective justification can be understood as a
special kind of intersubjective justification. For example, currently, our belief that the earth
goes around the sun has a positive justificatory status in our social practice of justification.
Suppose that there is no defeating evidence which we are omitting or neglecting for this
belief. Then it follows that our belief that the earth goes around the sun is objectively
justified. Admittedly, we cannot rule out the possibility that its positive justificatory status

depends on some overriding error. Nonetheless, considering an overwhelming amount of
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evidence for the belief, this is an extremely unlikely possibility. Therefore, we can make a
Jallible claim that our belief that the earth goes around the sun is objectively justified. In this
regard, it is important to notice that fallibility is compatible with being objectively justified. In
other words, the possibility of error does not imply the impossibility of objective justification.
And insofar as this fallible claim, as a matter of fact, is not based on any overriding error, we
are really (or objectively) justified in believing that the earth goes around the sun.

If the above considerations are on the right track, we can claim that S knows that p just in

case we can claim the following three:

(1) Itis true that p.
(ii) S believes that p.
(iii) S is justified in believing that p.

The above three conditions are similar to the traditional tripartite account of knowledge.
But we have to understand the above three conditions on the basis of the Sellarsian coherence
theory and the deflationary conception of truth in the following way.

Let us begin with the second condition of knowledge, that is, the belief condition. Clearly,
if S does not believe that p, we cannot say that she knows that p. Thus, this condition is
virtually uncontroversial.

The third condition of knowledge is the justification condition. As mentioned before, the
Sellarsian coherence theory understands justification in terms of a Sellarsian social practice
model of justification. On this account, we are justified in believing that p just in case we can
answer all objections raised against it in our social practice of justification. And we can
evaluate whether S is (intersubjectively) justified in believing that p in accordance with this
intersubjective model of justification. As an illustration, let us consider a Gettier case.
Suppose that, as far as Smith can remember, Jones has always owned a Ford, and recently
Smith got a ride in a Ford Jones claimed was his. Thus, on the basis of this evidence, Smith

believes the following proposition:

(1) Jones owns a Ford.

In addition, on the basis of (1), Smith also believes (2):



(2) Either Jones owns a Ford or Brown is in Barcelona.

But the fact of the matter is that Jones sold his old Ford and the Ford Jones currently drives
is a rental car. Nonetheless, (2) is still true, because Brown is in Barcelona by mere
coincidence. In this case, Smith is not blameworthy for believing (2). Nevertheless, we
cannot say that he knows (2), because his belief'in (2) is true merely by luck. And my account
provides a proper explanation as to why Smith fails to know (2). Let me explain.

In the above case, Smith believes (1) on the grounds that as far as he can remember, Jones
has always owned a Ford, and recently he got a ride in a Ford Jones claimed was his.
However, there is defeating evidence, namely that the Ford Jones currently drives is in fact a
rental car. Here the reason why Smith is not blameworthy for believing (2) is that the
defeating evidence is not available to him. Nevertheless, the defeating evidence can be
available to us, and so we can put forth the defeating evidence to Smith. In that case Smith’s
justification for (2) is undermined by the defeating evidence. For his belief in (2) is based on
(1) which he is no longer justified in holding. And the fact that (2) happens to be true has
nothing to do with Smith’s evidence for believing (2). Therefore, although Smith’s belief in
(2) could be taken to be justified before the defeating evidence is available to us, he is not
really justified in believing (2). In other words, my third condition of knowledge is not
satisfied. This is why Smith does not know (2).

Here it might be worth considering a possible objection. On my account, we are justified in
believing that p just in case we can answer all objections raised against it in our social
practice of justification. But it might be objected that to require of any subject that he or she
be able to answer all objections raised against a belief is to impose an unrealistic burden on
the subject in order to be justified. At this point, it should be noted that being non-susceptible
to this objection is an important merit of my account. On my social practice model of
justification, it is not required of every subject that the subject alone should be able to answer
all objections in order to be justified. For we can engage in the social division of epistemic
labor in the matter of meeting objections. Let me illustrate this point. Suppose that our belief
that p has a positive justificatory status in our social practice of justification because this
belief is supported by adequate evidence e, and there is no defeating evidence as far as we

know. Suppose also that S believes that p on the basis of evidence e. Suppose further that she
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is not yet epistemologically sophisticated, and so she fails to meet some objections, such as a
demand for justifying the reliability of her senses and a skeptical challenge about the external
world. Under these conditions, we cannot say that she is not justified in believing that p. Of
course, if our belief that p is successfully challenged to the effect that it loses its positive
justificatory status, then S cannot be intersubjectively justified in believing that p. But insofar
as this belief maintains its positive justificatory status in our social practice of justification,
what is required of S is just that she believes that p in accordance with our epistemic norms.
Note that insofar as she believes that p in a way that does not violate any epistemic norm, we
cannot demand that she give up the belief, because it is adequately supported by her evidence
e, and we do not have any defeating evidence. Therefore, S can be taken to be
(intersubjectively) justified in holding the belief, even if she herself fails to meet some
objections raised against the belief. I will say more on this point in the next section.

Let us now turn to the truth condition on knowledge. I endorse the deflationary conception
of truth, which denies that truth is a substantial concept. Let me briefly explain the main

motivation for this conception of truth. Consider the following equivalence schema:

(3) ‘p’ is true if and only if p.

On the deflationary conception of truth, there is complete cognitive equivalence between
the left-hand side of the biconditional above and its right-hand side. In this regard, observe
that if one person asserts (4), and another person asserts (5), what they assert is exactly the

same.

(4) Caesar was murdered.

(5) It is true that Caesar was murdered.

Along this line of thought, on the deflationary conception of truth, there is nothing else to
say about truth other than what the truth predicate does; and the truth predicate serves only as
a vehicle of generalization, semantic ascent, and certain other logical or expressive functions,

and so truth is not a substantial concept.” For this reason, there is no substantial norm of truth
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independent of the norms of justification. And this has an important consequence: the
justification condition on knowledge makes the truth condition redundant for the following
reason. Suppose that we are entitled to deny that ‘p’ is true. Then it is implied that we have
some evidence which defeats S’s justification for believing that p. Thus, if we can deny that
‘p’ is true, we can also deny that S is intersubjectively justified in believing that p. This
means that if we can hold that S is intersubjectively justified in believing that p, we can also
hold that ‘p’ is true. When then is the role of the truth condition? It can play an expressive
role: by saying that ‘p’ is true, we can express explicitly that we agree with S’s belief that p.

Finally, let me briefly explain how objective justification is related to objective truth by

comparing the following three statements:

(1) We are objectively justified in believing that p.
(2) We are objectively justified in believing that ‘p’ is true.
(3) It is objectively true that p.

If (6) holds, then (7) also holds due to the aforementioned equivalence schema. And there is
no epistemically significant difference between (7) and (8). Let me explain. Suppose that our
belief that p is objectively justified, and so its positive justificatory status will not be lost in our
forever, ongoing, dynamic practice of justification. Now, recall that if we are entitled to assert
that p in our social practice of justification, we are also entitled to assert that ‘p’ is true.
Therefore, if our belief that p does not lose its positive justificatory status in our forever,
ongoing, dynamic practice of justification, then there are no circumstances in which we can
claim that ‘p’ is not true. To put it another way, if our belief that p is objectively justified, the
possibility that there might be some defeating evidence against the belief is not
epistemologically significant. Let me elaborate on this point a bit further.

Suppose that our belief that p is really (or objectively) justified in our social practice of
justification due to the fact that its positive justificatory status does not depend on any

overriding error. As mentioned before, our belief that the earth goes around the sun is very

5) It is beyond the scope of this paper to defend the deflationary conception of truth properly. For a detailed dis-
cussion and defense of this conception of truth, see Lee [2017]. And it is also noteworthy that this conception of
truth is very influential among truth theorists in the philosophy of logic.
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likely to be such a case. Under this condition, let us consider the possibility that its
contradictory belief ‘~p’ is equally really justified in some alien conceptual framework. If
‘~p’ is equally justified in this way, there must be some reason R for believing that ~p. Now,
suppose that we can construe R as a reason for believing that ~p. But this condition conflicts
with our assumption that we are really justified in believing that p in our social practice of
justification. This is because R would refute our previous justification for believing that p.
This time, suppose that we cannot construe R as a reason for believing that ~p. Then we have
no reason to think that R is a reason for believing that ~p. In this regard, it is noteworthy that
anything which we cannot, even in principle, construe as a reason for believing a proposition
is simply unintelligible in our epistemic discourse.”

Along the above lines, we can argue that there is no epistemically significant difference
between (7) and (8). And we can understand objective justification as a special kind of
intersubjective justification. Recall that our belief that p is objectively justified just in case its
positive justificatory status will not be lost in our forever, ongoing, dynamic practice of

justification. If this is correct, we can understand knowledge as objectively justified belief.”

4. Merits and Distinctive Characteristics of My Account

In this section, I argue that my account of knowledge can successfully handle the problems
with Lehrer’s defeasibility account. And I bring out the distinctive characteristics of my
account a bit further by comparing it with Williams’s view.

As pointed out in section 2, one important problem with Lehrer’s account is that it can
hardly accommodate the Founding Insight of reliabilism. By contrast, my account of

knowledge can accommodate this insight. Consider the following epistemic principle:

6) For a detailed discussion and defense of this claim, see Lee [2017].

7) If what I have argued so far are on the right track, then we can understand (8) in accordance with (7). But this
should not be misunderstood as claiming that ‘x is objectively true’ can be defined as ‘x is objectively justified’.
As noted before, if we are entitled to claim that p, then we are also entitled to claim that ‘p’ is true. This is why
(7) holds just in case (6) holds. Nonetheless, on the deflationary conception of truth, truth is not a substantial
concept. By contrast, justification is a substantial concept. Therefore, we need to distinguish an analysis of ‘is
true’ from specifying the circumstances in which the predicate ‘is true’ can be rightly applied. And the fact that a
belief has a positive justificatory status in our social practice of justification provides only a criterion for the ap-
plication of the predicate ‘is true’, instead of an analysis of ‘is true’.
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EP;: Our perceptual judgments are generally reliable.

My Sellarsian coherence theory can defend EP;. On this theory, it is inevitable to address
any justification question on the basis of our social practice of justification. EP; is no
exception, for it is a rational question whether or not EP; is correct (or justified). And we can
defend EP;, roughly, in the following way:

First, EP; has so far been successfully employed as an epistemic norm in our social
practice of justification. Second, we have no positive reason to think that EP, is false or
defective.

Under these conditions, it can be argued that we have no alternative but to accept EP; in
order to rationally pursue our epistemic goal. Then we can take EP; as having default positive
justificatory status in our social practice of justification. Let me elaborate on this point a bit
further.

To begin with, as noted before, our social practice of justification requires the default-and-
challenge structure of justification. In addition, our epistemic goal includes having true
beliefs about the world around us. And it is a minimum presumption for our epistemic
discourse that it is reasonable for us to pursue our epistemic goal. Now, it is important to
recognize that we ultimately obtain information about the world through our senses. In other
words, our senses are the ultimate source of information about the world. Thus, if we could
not rely on our perceptual abilities in order to obtain information about the world, then we
could not realize our epistemic goal. In this regard, it is noteworthy that denying the general
reliability of our perceptual abilities is tantamount to closing our ultimate epistemic door to
the world. Therefore, if we reject the general reliability of our perceptual judgments, we
cannot get our epistemic pursuit off the ground. Therefore, unless we are given positive
reasons to think that EP; is false or defective, we can argue that we have no alternative but to
accept EP; in order to rationally pursue our epistemic goal.

On the basis of the above considerations, we can take EP, as enjoying default positive
justificatory status in our social practice of justification, insofar as the aforementioned two
conditions hold. Hence, it is reasonable for us to accept EP;, unless we are given some

positive reasons for not so doing.” If we can defend EP; in this way, we can argue that a
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child’s perceptual belief that there is an apple in front of him has default positive justificatory
status in our social practice of justification. In this regard, it is important to note that the child,
as a member of our society, can engage in the social division of epistemic labor in our social
practice of justification. Accordingly, he himself does not have to justify EP,.This is because
he can defer to some relevant experts in his society on the matter of justifying EP;.” For these
reasons, we can say that unless we have some positive reasons to doubt this belief, the child’s
perceptual belief maintains its positive justificatory status in our social practice of
justification. Hence, unless some challenger provides us with positive reasons to doubt this
belief, we can say that the child knows that p. It is in this way that my account of knowledge
can accommodate the Founding Insight of reliabilism.

In addition, my coherentist account can successfully handle the most important problem of
the defeasibility account, namely that from one’s subjective point of view, one can hardly
evaluate whether the no-defeater condition of knowledge holds or not. In this regard, it is
worth recalling that even if S’s belief that p is undefeated throughout her entire life, the
possibility that the belief might be defeated by some contrary evidence available in the future
is still epistemologically significant. By contrast, my coherentist account can cope with the
above problem because it understands the justification condition in terms of the Sellarsian
social practice model of justification. Let me explain. On my account, we can claim that S

knows that p just in case we can claim the following three:

(1) Itis true that p.
(ii) S believes that p.
(iii) S is justified in believing that p.

And we should understand (iii) in accordance with the aforementioned social practice
model of justification. Accordingly, it is clear what we should do for evaluating condition
(iii). We should evaluate whether S is justified in holding a belief in terms of our epistemic

norms which have positive justificatory status in our social practice of justification. As a

8) For a detailed discussion and defense of this view, see Lee [2014; 2019b].
9) For a detailed discussion of this point, see Lee [2020a].
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consequence, if we can judge that S believes that p in a way that does not violate any of our
epistemic norms, we can say that condition (iii) holds. Therefore, when we evaluate the
justification condition in the context of our social practice of justification, we have, at least in
principle, no real difficulty in evaluating this condition.

Of course, one’s knowledge attribution is fallible so that we cannot rule out the possibility
that it might turn out to be false in the future. But it is important to note that at any point in
time, we have no real difficulty in evaluating this condition. As mentioned before, if we are
justified in believing that p in our social practice of justification, and if S believes that p in a
way that does not violate any of our epistemic norms, we can say that condition (iii) holds.
And insofar we are entitled to say so, we are also entitled to claim that S knows that p. In
addition, as also pointed out before, the fallibility of such an epistemic evaluation is
compatible with the case that S is really justified in believing that p. In other words, we can
claim that our belief that p is objectively justified, while allowing the possibility that this
claim might turn out to be false. For example, we can make a fallible claim that we are really
justified in believing that the earth goes around the sun. For this reason, to endorse the
justification condition, we don’t have to rule out the possibility that this endorsement might
be defeated someday. Hence, we can make a fallible knowledge claim, such as that we know
that the earth goes around the sun. And we are entitled to make such a knowledge claim
unless we are given positive reasons to doubt it.

At this point, it might be worth emphasizing the key difference between Lehrer’s
defeasibility account of knowledge and my account. As previously pointed out, even if S’s
belief that p is undefeated throughout her entire life, the possibility that the belief might be
defeated is still epistemologically significant. By contrast, my Sellarsian social practice
theory of justification can cope with this epistemic limitation by engaging in the social
division of epistemic labor and also by appealing to our forever, ongoing, dynamic practice
of justification. The first thing to note is that by engaging in the social division of epistemic
labor, we can rely on our epistemic norms which have so far been successfully employed in
our social practice of justification. In addition, as noted before, if our belief that p is really
justified, and so its positive justificatory status will not be lost in our forever, ongoing,

dynamic practice of justification, the possibility that there might be some defeating evidence
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against the belief is not epistemologically significant. Therefore, to say that our belief that p
will not lose its positive justificatory status in our forever, ongoing, dynamic practice of
justification is tantamount to saying that ‘p’ is objectively true. Along these lines, we can
explain why there is an appropriate connection between justification as conceived by the
Sellarsian coherence theory and objective truth.

Finally, let me bring out the distinctive characteristics of my account a bit further by
comparing it with Williams’s view [1991; 2001]. In a similar way as I have combined a
Sellarsian view with the deflationary conception of truth, Williams holds a Sellarsian view
while embracing the deflationary conception of truth. In addition, he also accepts a default
and challenge conception of justification. But there are important differences as well. First,
Williams [2001: 177] defends a partially externalist view, which clearly separates his
Sellarsian view from coherentism. Second, Williams [2001: 171] endorses what he calls ‘a
pragmatic conception of epistemic norms’, according to which epistemic norms are fixed by
us in light of our practical interests, projects, and assessment of our situation. Third, Williams
takes a contextualist approach to knowledge, according to which standards for claiming or
attributing knowledge can vary depending on context. It is beyond the scope of this paper to
fully discuss Williams’s account of knowledge. Thus, let me confine myself to briefly
mentioning three reasons why I do not accept his account.

First, I do not agree with Williams’s partially externalist view that the justificatory status of
a belief may depend on some non-doxastic contextual factor of which we are unaware. As
argued before, our concept of being justified in holding a belief has been developed on the
basis of our social practice of demanding justification and responding to such demands to the
effect that our epistemic assessments are not external to such social practice. Thus, we should
be capable of assessing whether or not our beliefs are justified within our social practice of
justification, and we can only appeal to what is ascertainable intersubjectively in such
assessments. For these reasons, the alleged non-doxastic contextual factor of which we are
unaware has no place in our social practice of justification. In this regard, it is worth noting
that my Sellarsian coherence theory is distinguished from standard internalist views for the
reason that this intersubjective model of justification allows us to take into consideration

evidence that might not be available to the subject. However, it should be noted that my
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account is not an externalist view. For it denies that the epistemic status of a belief is
determined in part by factors that are not accessible to any person. On my view, the epistemic
status of a belief can be determined only by what is, at least in principle, ascertainable
intersubjectively.

Second, I do not accept Williams’s pragmatic conception of epistemic norms. Instead, I
defend a coherentist justification for epistemic norms. Here it is noteworthy that there is an
important reason to justify epistemic principles in terms of epistemic rationality, rather than
in terms of practical rationality. Let me explain. The first thing to note is that epistemic
justification (or rationality) is different from practical justification. What is distinctive about
epistemic justification is that it is essentially connected with our epistemic goal of having true
beliefs and avoiding false beliefs. On Kant’s view (1788), we are rational beings who can
engage in theoretical and/or practical reasoning in order to determine what to believe and/or
what to do. And when we try to determine what to believe by engaging in theoretical
reasoning, we take an epistemic (or theoretical) point of view, which is concerned (primarily)
with determining how things actually are in the world. By contrast, when we try to determine
what to do by engaging in practical reasoning, we take a practical point of view, which is
concerned with realizing what is desired or desirable. Therefore, it is one thing to make an
epistemic evaluation as to whether a certain proposition is true of the actual world; and it is
another thing to make a practical evaluation as to whether doing a certain action is the means
for realizing what is desired or desirable. To put the point another way, epistemic justification
is essentially connected with our epistemic goal of having true beliefs and avoiding false
beliefs, whereas practical justification has no direct bearing on this epistemic goal of truth.
The second thing to note is that epistemic principles such as EP; are also essentially
connected with the epistemic goal of truth. In this regard, it is important to recognize that we
evaluate whether or not our beliefs are justified (at least in part) in accordance with such
epistemic principles, and these epistemic principles are our means for achieving the
epistemic goal of truth. Along these lines, we may argue that practical rationality has no
direct bearing on our evaluation of whether epistemic principles such as EP; are conducive to
the epistemic goal of truth, which is concerned with how things actually are in the world.

Therefore, it is desirable to defend epistemic principles in terms of epistemic rationality,
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rather than in terms of practical rationality. And if what I have argued so far are correct, my
account explains why epistemic principles such as EP; are epistemically justified on the basis
of a theory of epistemic justification, that is, a Sellarsian coherence theory. In other words,
my account defends epistemic principles in terms of epistemic rationality rather than
practical rationality.

Third, and finally, I do not agree with Williams’s contextualist view. On this view,
standards for claiming or attributing knowledge can vary depending on context. For example,
it is possible that a person knows that he has hands in an ordinary context, but he may lose
this knowledge in a context where he faces a certain skeptical challenge (see e.g., Williams
[2001: 195]). By contrast, on my view, standards for claiming or attributing knowledge do
not vary from context to context. Suppose that our epistemic norms like EP; are successfully
challenged by the skeptic to the effect that they lose their positive justificatory status in our
social practice of justification. Then, even in an ordinary context, we are not entitled to claim
that we have hands. As I have argued elsewhere, however, we can meet such a skeptical
challenge partly on the grounds that EP; has a default positive justificatory status in our social
practice of justification and so we can the shift burden of proof to the skeptic.” In short, on
my view, we can handle the challenge of skepticism without taking a contextualist approach.

To conclude, my account of knowledge, which is based on an intersubjective model of
justification, is much more plausible than Lehrer’s defeasibility account, which is based on a
subjectivist model of justification. And we can understand knowledge as objectively justified

belief.
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